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 T
urbo E

ncoder
 T

urbo E
ncoder

ü
T

urbo codes, introduced in June 1993, represent the m
ost

recent successful attem
pt in achieving Shannon’s

theoretical lim
it.

N
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Interleaver

R
SC

 1

R
SC

 2

Puncturing
M

echanism

data d
k  

y
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y
2k  

x
k  

y
1k  y
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Fig. 2: A
 turbo encoder
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T
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ecoder

ü
T

w
o com

ponent decoders are linked by interleavers in a
structure sim

ilar to that of the encoder.

M
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P
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ecoder1
Interleaver

M
A

P
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D
einterleaver

D
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p
y

1
2

2s
s

y
2

2s

(
)u

1
L

(
)u

1
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()u
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Fig. 3: T
urbo D

ecoder
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T

urbo D
ecoder

ü
E

ach decoder takes three types of soft inputs
•

T
he received noisy inform

ation sequence.

•
T

he received noisy parity sequence transm
itted from

 the
associated com

ponent encoder.

•
T

he a priori inform
ation, w

hich is the extrinsic
inform

ation provided by the other com
ponent decoder

from
 the previous step of decoding process.
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ü
T

he soft outputs generated by each constituent decoder also
consist of three com

ponents:
•

A
 w

eighted version of the received inform
ation

sequence
•

T
he a priori value, i.e. the previous extrinsic

inform
ation

•
A

 new
ly generated extrinsic inform

ation, w
hich is then

provided as a priori for the next step of decoding.
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ü
T

he turbo decoder operates iteratively w
ith ever-updating

extrinsic inform
ation to be exchanged betw

een the tw
o

decoder until a reliable hard decision can be m
ade.

ü
O

ften, a fixed num
ber, say M

, is chosen and each fram
e is

decoded for M
 iterations.

ü
U

sually, M
 is set w

ith the w
orst corrupted fram

es in m
ind.

ü
M

ost fram
es, how

ever, need few
er iterations to converge

ü
It is therefore im

portant to term
inate the iterations for each

individual fram
e im

m
ediately after the bits are correctly

estim
ated
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ü
Several schem

es have been proposed to control the
term

ination:
•

C
ross E

ntropy (C
E

)

•
Sign C

hange ratio (SC
R

)

•
H

ard D
ecision-A

ided (H
D

A
)

•
Sign D

ifference R
atio (SD

R
)

•
Im

proved H
ard D

ecision-A
ided (IH

D
A

) (N
gatched schem

e)
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S
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riteria for T
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ecoding

ü
C

ross E
ntropy (C

E
)

•
C

om
putes

•
 T

erm
inates w

hen           drops to

ü
Sign C

hange R
atio (SC

R
)

•
C

om
putes           the num

ber of sign changes of the
extrinsic inform

ation from
 the second decoder betw

een
tw

o consecutive iterations           and     .
•

T
erm

inates w
hen                     ,                               ; N

 is
the fram

e size. ()
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ü
H

ard-D
ecision-A

ided (H
D

A
)

•
T

erm
inates if the hard decision of the inform

ation bits
based on               at iteration           agrees w

ith the hard
decision based on                at iteration       for the entire
block.

ü
Sign D

ifference R
atio (SD

R
)

•
 T

erm
inates at iteration      if the num

ber of sign
difference betw

een           ,          , satisfies

                                        ,       is the fram
e size.
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S
topping C

riteria for T
urbo D

ecoding

ü
T

he influence of each term
 on the a-posteriori L

L
R

 depends
on w

hether the fram
e is “good” (easy to decode) or “bad”

(hard to decode).

ü
For a “bad” fram

e, the a-posteriori L
L

R
 is greatly influenced

by the channel soft output.

ü
For a “good” fram

e, the a-posteriori L
L

R
 is essentially

determ
ined by the extrinsic inform

ation as the decoding
converges.

ü
T

hese observations, together w
ith equations (1) and (2) led us

to the follow
ing stopping criterion.
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S
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S

topping C
riteria for T

urbo D
ecoding

ü
Im

proved H
ard-D

ecision-A
ided (IH

D
A

)
•

T
erm

inates at iteration      if the hard decision of the

    inform
ation bit based on                                     agrees

    w
ith the hard decision of the inform

ation bit based on

    for the entire block.

i

(
)(

)̃¯ ˆ
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+
k

i
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u
y
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C

om
parison of S

topping C
riteria for T

urbo
D

ecoding

ü
Sim

ulation M
odel

•
C

ode of rate 1/3, rate one-half R
SC

 com
ponent

encoders of m
em

ory 3 and octal generator (13, 15).
•

Fram
e size 128, A

W
G

N
 channel.

•
M

A
P decoding algorithm

 w
ith a m

axim
um

 of 8
iterations.

•
Five term

inating schem
es are studied:

•
C

E
 (                               ), SC

R
 (                     ), H

A
D

,
    SD

R
 (                      ) and IH

D
A

.

•
T

he “G
E

N
IE

” case is show
n as the lim

it of all possible
schem

es.

(
)
=

i
T

(
)1

1
0

3T
-

3
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0
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=
q

4
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0
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R
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es.



U
niversity O

f N
atal

20

R
esults: A

verage num
ber of iterations

R
esults: A

verage num
ber of iterations

1 2 3 4 5 6 7 8

0
0

.5
1

1
.5

2
2

.5
3

E
b

/N
o

 (d
B

)

Average number of iterations

G
E

N
IE

H
D

A

S
C

R
S

D
R

IH
D

A
C

E

G
raph 2: Sim

ulated A
verage num

ber of iteration for the six schem
es



U
niversity O

f N
atal

21
C

om
parison of S

topping C
riteria for T

urbo
D

ecoding
C

om
parison of S

topping C
riteria for T

urbo
D

ecoding

ü
A

ll six schem
es exhibit sim

ilar B
E

R
 perform

ance. T
he

H
D

A
, how

ever, presents a slight degradation at high SN
R

.

ü
T

he IH
D

A
 saves m

ore iterations for sm
all interleaver sizes.

ü
T

he C
E

, SC
R

 and H
D

A
 require extra data storage. T

he SC
R

and H
D

A
 how

ever require less com
putation than the C

E
.

ü
B

oth the IH
D

A
 and the SD

R
 have the advantage of reduce

storage requirem
ent.

ü
T

he IH
D

A
 has the additional advantage that its perform

ance
is independent of the choice of any param

eter.
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T

urbo C
odes for B

urst C
hannels

ü
Studies of the perform

ance of error correcting codes are
m

ost often concerned w
ith situations w

here the channel is
assum

ed to be m
em

oryless, since this allow
s for a

theoretical analysis.

ü
For a channel w

ith m
em

ory, the G
ilbert-E

lliott (G
E

)
channel is one of the sim

plest and practical m
odels.

ü
W

e m
odel a slow

ly varying R
ayleigh fading channel w

ith
autocorrelation function                                by the G

ilbert-
E

lliott channel m
odel.

ü
W

e then use this m
odel to analytically evaluate the

perform
ance of T

urbo-coded system
.

(
)

(
)t

p
t

m
0

f
J

R
2
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T
he G

ilbert-E
lliott C

hannel M
odel

ü
T

he G
E

 channel is a discrete-tim
e stationary m

odel w
ith

tw
o states: one bad state w

hich generally has high error
probabilities and the other state is a good state w

hich
generally has low

 error probabilities.

B
G

b

g

1-g
1-b

Fig. 6: T
he G

ilbert-E
lliott channel m

odel.
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T
he G

ilbert-E
lliott C

hannel M
odel

ü
T

he dynam
ics of the channel are m

odeled as a first-order
M

arkov chain.

ü
In either state, the channel exhibits the properties of a
binary sym

m
etric channel.

ü
Im

portant statistics
•

Steady state probabilities.

•
A

verage tim
e units in each state

g
b
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=

G
p

g
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B
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ayleigh fading

channel
M

atching the G
E

 channel to the R
ayleigh fading

channel

ü
W

e let the average num
ber of tim

e unit the channel spends in
the good (bad) state to be equal to the expected non-fade (fade)
duration, norm

alized by the sym
bol tim

e interval.

ü
In doing this, w

e obtain the follow
ing transition probabilities:

pr
2

T
b

S
D

f
=

1
e

2
T

g
S

D

-
=

r

p
r

f
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M

atching the G
E

 channel to the R
ayleigh fading

channel
M

atching the G
E

 channel to the R
ayleigh fading

channel

ü
T

he error probabilities in the respective states in the G
E

channel are taken to be the conditional error probabilities of
the R

ayleigh fading channel, conditioned on being in the
respective state. For B

PSK
, the sim

plified expressions are:
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P

erform
ance A

nalysis of T
urbo-C

oded S
ystem

 on
a G

ilbert-E
lliott C

hannel

ü
T

here are tw
o m

ain tools for the perform
ance evaluation of turbo

codes: M
onte C

arlo sim
ulation and standard union bound.

ü
M

onte C
arlo sim

ulation generates reliable probability of error
estim

ates as low
 as 10

-6 as is useful for rather low
 SN

R
.

ü
T

he union bound provides an upper bound on the perform
ance of

turbo codes w
ith m

axim
um

 likelihood decoding averaged over all
possible interleavers.

ü
T

he expression for the average bit error probability is given as
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P
erform

ance A
nalysis of T

urbo-C
oded system

 on
a G

ilbert-E
lliott C

hannel

ü
             and                  are the distribution of the parity
sequences and are given as

ü
P

2 (d) is the pairw
ise-error probability and depends on the

channel.

ü
W

e derive and expression for P
2 (d) for the G

ilbert-E
lliott

channel.
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P
airw

ise-error P
robability for the G

ilbert-E
lliott

C
hannel M

odel

ü
If the channel state is know

n exactly to the decoder w
e

assum
e that am

ongst the d bits in w
hich the incorrect path

and the correct path differ, there are d
B  in the bad state and

d
G  =

 d-d
B  in the good state.

ü
A

m
ongst the d

B  bits, there are e
B  bits in error and am

ongst
the d

G  bits, e
G  are in error.

ü
L

et C
M

(1) and C
M

(0) be the m
etric of the incorrect path and

the correct path respectively.
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airw
ise-error probability for the G
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C
hannel M
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ü
T

he probability of error in the pairw
ise com

parison of C
M

(1)

and C
M

(0) is:

     w
here C

 is the m
etric ratio defined as

ü
T

o evaluate P
2 (d), w

e need the probability distribution of
being in the bad state  d

B  tim
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ü
T

hus

ü
W

e apply this union bound technique to obtain upper
bounds on the bit-error rate of a turbo-coded D

S-C
D

M
A

system
.
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ü
System

 m
odel

•
W

e consider an asynchronous binary PSK
 direct-sequence

C
D

M
A

 system
 that allow

 K
 users to share a channel. T

he
received signal at a given receiver is given by

•
T

he output of the m
atched filter at each sam

pling instant is
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ü
U

sing gausssian approxim
ation, the SN

R
 at the output of

the receiver is

      and its expected value is

{
}

(
)

{
}

=
=

i
i

i
iZ Z

E

b b
g

var

2

{
}

2P
.T

N
E

3N 1
0

K

i
k k

2k 2i

+
Â

≠ =1

b b

{
}

(
)

{
} 2i

0

2P
.T.E N

3N

1-
K

E

b

g
g

+
=

=
1



U
niversity O

f N
atal

38
P

erform
ance A

nalysis of T
urbo-C

oded D
S

-C
D

M
A

S
ystem

 on a G
ilbert-E

lliott C
hannel M

odel
P

erform
ance A

nalysis of T
urbo-C

oded D
S

-C
D

M
A

S
ystem

 on a G
ilbert-E

lliott C
hannel M

odel

ü
Sim

ulation m
odel

•
C

ode of rate 1/3, rate one-half R
SC

 com
ponent encoders of

m
em

ory 2 and octal generator (7, 5).

•
G

old spreading sequence of length N
 = 63.

•
T

he num
ber of users is 10 and the fram

e size is 1024.

•
Perfect channel estim

ation and pow
er control.

•
T

he product          is considered as an independent
param

eter, fm  , and sim
ulations are perform

ed for fm  = 0.1,
0.01and 0.001.

•
T

he threshold is 10 dB
 for fm  = 0.1, 0.01 and 14 dB

 for fm  =
0.001.

S
D T

f
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ü
A

n effective m
ethod to cope w

ith burst errors is to insert an
interleaver betw

een the channel encoder and the channel.

ü
H

ow
 effective an interleaver is depends on its depth, m

.

ü
T

he size of the interleaver is typically determ
ined by how

m
uch delay can be tolerated.

ü
W

e show
 that interleaving a code to degree m

 has exactly
the sam

e effect as transm
itting at a low

er rate or increased
sym

bol duration of T.m
.

ü
T

hus, the G
E

 channel w
ith an interleaver w

ill be equivalent
to a G

E
 channel w

here the corresponding transition
probabilities are the m

-step transition probabilities  of the
original m

odel.
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ü
T

he m
-step transition probabilities are obtained by applying the

C
hapm

an-K
olm

ogrov equation to our tw
o-state M

arkov chain.

ü
W

e obtain:
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ilbert-E

lliott channel m
odel 
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G
raph 6: C

om
parison of the perform

ance of a com
bined sm

all code interleaver
w

ith
               channel interleaver and larger code interleavers of various sizes.
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ü
In this presentation, w

e present stopping criteria for T
urbo

decoding.

ü
W

e m
odel a slow

ly varying R
ayleigh fading channel by the

G
ilbert-E

lliott channel m
odel.

ü
W

e then use this m
odel to analytically evaluate the perform

ance
of a T

urbo-coded D
S-C

D
M

A
 system

.

ü
W

e analyze the effect of im
perfect interleaving for the G

ilbert-
E

lliott channel m
odel.

ü
W

e show
 that a com

bination of a sm
all code interleaver w

ith a
channel interleaver could outperform

 codes w
ith very large

interleavers, m
aking T

urbo codes suitable for even delay-
sensitive services.


